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Abstract. For a Lie group G and a closed Lie subgroup if C G, it is well known that the 
coset space G / H can be equipped with the structure of a manifold homogeneous under G and 
that any G-homogeneous manifold is isomorphic to one of this kind. An interesting problem 
is to find an analogue of this result in the case of supermanifolds. 

In the classical setting, G is a real or a complex Lie group and G/H is a real and, re- 
spectively, a complex manifold. Now, if G is a real Lie supergroup and if C G is a closed 
Lie subsupergroup, there is a natural way to consider G/H as a supermanfold. Furthermore, 
any G-homogeneous real supermanifold can be obtained in this way, see [1]. The goal of this 
paper is to give a proof of this result in the complex case. 



1. Preliminaries 

We will use the word "supermanifold" in the sense of Beresin-Leites-Kostant (see [HIS])- 
All the time, we will be interested in the complex-analytic version of the theory. A morphism 
{M,Om) — > [N^O]^) between two supermanifolds is denoted hj ip = ((^i,(y92), where ipi : 
M — > is a continuous mapping and ip2 ■ On — > (v^i)*(C'a/) is a homomorphism of sheaves 
of superalgebras. We begin with the more general notion of a Lie supergroup. 

A Lie supergroup is a supermanifold {G,Og), for which the following three morphisms 
are defined: z/ : (G, O^) x {G,Og) — ^ {G,Og) (multiphcation morphism), l : (G, Cg) — 
(G, Cg) (passing to the inverse), e : (pt,C) — > {G,Og) (identity morphism). Moreover, these 
morphisms should satisfy the usual conditions, modeling the group axioms. The underlying 
manifold G is a Lie group. We denote by g the Lie superalgebra of (G, Og) (see [2] for the 
corresponding definition) . 

An action of a Lie supergroup (G, Og) on a supermanifold (M, Om) is a morphism /x : 
(G, Og) X (M, Om) (M, Om), such that the following conditions hold: 

• /i o (z/ X id) = /i o (id x/i); 

• /X o (e X id) = id. 



^Mathematics Classification Number 32C11 

Key words and phrases. Complex homogeneous supermanifold, Lie supergroup, action of a Lie supergroup. 
Work supported by German Academic Exchange Service, Michail-Lomonosov-Forschungsstipendien and by 
the Russian Foundation for Basic Research (grant no. 07-01-00230). 



1 



We denote by o(M, Om) the Lie superalgebra of holomorphic vector fields on (M, Om)- Let m^: 
be the maximal ideal of the local superalgebra (Om)x- The vector superspace T^i^M, Om) = 
{xxix/xnl)* is called the tangent space to {M,Om) at x G M. From the inclusions v{mx) C 
{Om)x and f(m^) C m^;, where v G ti(M, C^/), it follows that there exists an even linear 
mapping eva;(t>) : m^/m^, {Om)x/'^x — C. In other words, eva;(i;) G Tx{M, Om), and so we 
obtain a map ev^. : t)(M, Om) T^iM, Om)- 

Let {U,Om) C (M, Oa/) be a superdomain with even and, respectively, odd coordinates 
(xi) and {C,j) and let / G Om{U). We can write / in the form 

/ = /o + 5ZM. + 5Z/.,e.e, + ..., 

i ij 

where /jj... are some holomorphic functions on U. For p ^ U we will denote by f{p) the value 
of /o at p. 

Let X G Tx{M, Om)- There is a neighborhood {U, Om) of the point x and a vector field 
vx G D(f/, Cm) such that ev^(t>x) = X. We can consider X as a linear function on {Om)x- 
Namely, X(/^) := ivxifx)){x), where G (CAf)x- 

Let fj, = (/ii,/i2) : {G,Og) X (M, ) — > (M, C^f) be an action. Then there is a 
homomorphism of the Lie superalgebras Jl : g v{M,Om), given by the formula X \—>- 
{e X id)2 o (X © 0) o /i2, where X G 0. An action yU is called transitive if the mapping ev^ o/I 
is surjective for all x G M, see In this case the supermanifold (M, (9a/) is called (G, Og)- 
homogeneous. A supermanifold (M, Oa/) is called homogeneous, if it possesses a transitive 
action of some Lie supergroup. 

Let (j) = (01,(^2) : {M,Om) {Mi,Omi) be a morphism of supermanifolds. Denote by 
(d0)^ the differential of at x G M (see [21 [3]). Let dim(M, Om) = n\m, dim(Mi, Oa/J = k\l. 
The morphism : (M, Oa/) — ^ (^^i? Omi) is called a submersion at p & M ii n > k, m > I and 
there exist two neighborhoods {U,Om) of p and (V,Ca/i) of g = 0i(p) with the coordinates 
{xi, ^j) and, respectively, (y^, r^^) such that 02 1 (f^, Om) is given by the formulas: 

02(yi) = a^i, ^ = 02(r?j) = ^j, j = 1, . . . ,/. (1) 

This definition is equivalent to the requirement that the mapping (d0)p is surjective (see 
[21 [3]). A morphism = (0i,02) : {M,Om) {Mi,Omi) is called an immersion at p & M, 
if n < k, m < I, and there are neighborhoods {U, Om) and (V, Omi) of p and q = 4>i{p) with 
coordinates (xj, ^j) and, respectively, {i/s, rjt), such that the morphism 02|(f/, Ca/) is given by 
the formulas: 

MVi) =^i^ i = l,...,m, 02(?/i) = 0, i>m, 
02(^7^) = 0' i = 1' • • • 02(r/j) = 0, j > 

This definition is equivalent to the requirement that the mapping (d0)p is injective (see [21 E])- 
Let {M,Om) be a supermanifold. A supermanifold {U,Om), where U is an open subset 
in M, is called an open subsupermanifold of (M, Om)- Suppose that M C Mi is a topological 
subspace and denote by 0i : M ^ Mi the embedding. A supermanifold (M, Om) is called 
a subsupermanifold of a supermanifold (Mi,(9Afi) if there is a morphism : {M,Om) —>■ 
{Mi,Omi), such that the differential (d0)p is injective at every point p E M and the first 
component of coincides with 0i. In this case we will use the notation (M, Om) C (Mi, Omi)- 
Let (i^, Oii-) C (M, Oa/) be a subsupermanifold, X C Ca/ the sheaf of ideals corresponding 
to {K,Ok), and J' C Cgxa/ the sheaf of ideals corresponding to {G x K,Ogxk) C (G x 
M, Ogxm) (see [2J). We will say that {K, Ok) is ^-invariant if the following conditions hold: 
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1. fii{G,K) c K, 

2. /i2(J) C {lJi),J. 

A Lie subsupergroup of a Lie supergroup (G, Oq) is a subsupermanifold {H, Oh) C (G, Og); 
such that e & H and (if, Oh) is i^- and t- invariant. 

If : (M, Oa/) — > (Ml, Cmi) is a morphism of supermanifolds and (iV, On) C (M, Cm) is 
a subsupermanifold, we denote by ^Itv the composition: 

(iV, ^ (M, Om) ^ (Ml, OmJ. 

Let {G,Og) be a Lie supergroup. To each point g & G assign a morphism 'g = (^1,^2) : 
(pt,C) ^ (G,Og). Namely, let ^i(pt) = g and define g2 : Og (?i)*(C) by g^if.) = for 
/a; e (Og)x if a; 7^ 5- and ?2(/<;) = fgig) for /g G (Cg)<;- Denote by Z^, 5- G G, the composition 
of the morphisms 

(G, Og) ^ (pt, C) X (G, Og) ^ (G, Og) x (G, Og) ^ (G, Og)- 

and define in a similar way. Since there exists the inverse morphism Ig-i, the morphism 
Ig is an automorphism of the supermanifold (G, Og), and the same is true for Vg. We refer 
the reader to [2], [3] for the definition of a superdomain and the proof of the following inverse 
function theorem. 

Theorem 1. Let {U, Ou) and (V, Oy) be two superdomains with coordinate systems {xi,^j) 
and {ysjTjt). Let : {U,Ou) — ^ (y,Ov) be a morphism and let u G U. Then the following 
conditions are equivalent: 

• (f) is an isomorphism in some neighborhood of u; 

• {d(f))u is an isomorphism. 

Given supermanifolds {Mi,OMi), i = l,---,n, we will denote by prj[^^^"^*^" the natural 
projection (Mi, J x ■ ■ ■ x (M„, OmJ -> (M, Om„). 



2. The structure of a supermanifold on G/H 

Let {K,Ok) C {U,Og\u) be a subsupermanifold of an open subsupermanifold {U,Og\u) 
in a Lie supergroup {G,Og), Ik the corresponding sheaf of ideals and ip is an isomor- 
phism of (G, Cg)- We will denote by {ip{K),0^{^K)) the subsupermanifold of ((/?([/), OgIsi/), 
where ^p{K) := (pi{K), 0^(^k) '■= iOG\^{u)) / {.V^^)2{'^k)- Sometimes we will use the notation 
{gK,OgK) for {lg{K),Oig(^K))- The subsupermanifold {Kg,OKg) is defined analogously. The 
following proposition is well known. 

1 Let ip = {(pi, ip2) '■ {M, Om) — > {N, Ojy) be a morphism of supermanifolds. Assume that 
ipi : M —>■ N is a homeomorphism and if is a local isomorphism. Then if is an isomorphism. 

□ 
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Let {N,Oj\f) and {S,Os) be two subsupermanifolds of {M,Om)- The subsupermani- 
fold {S, Os) is called transversal to the subsupermanifold {N, On) at a point x G S" fl A^, 
if T,(M, Om) = T^{N, On) © T^{S, Os). 

Theorem 2. Let {G, Og) be a Lie supergroup and {H, Oh) be a Lie subsupergroup of 
{G,Og)- Suppose that {S',Os') is a transversal subsupermanifold to {H,Oh) at the point 
e (the identity element of G). Then there is a subsupermanifold {S,Os), such that i'Isxh '■ 
{S, Os) X (H, Oh) — * {G, Oq) is an isomorphism of {S, Os) x (H, Oh) onto an open subsu- 
permanifold iU,OG) C {G,Og). 

Proof. Let dim(G, (9^) = n\m. First we will show that there exists a transversal subsuper- 
manifold to {H, Oh) at e. From the definition of a subsupermanifold it follows that there 
is a superdomain (V, Oy) C (G, Og) containing e, such that the subsupermanifold {H, Oh) 
is given by the equations Xj = 0, i G Fi, and = 0, j G F2, where Fi C {l,...,n}, 
F2 C {1, . . . , m}. Denote by {S', Os') the subsupermanifold in (V, Oy) given by the equations 
Xi = 0, i ^ Fi, and = 0, j ^ F2. Obviously, (S", Os') is transversal to {H, Oh)- 

Since i'Isxh o x id) = id and i'Isxh o (idxe) = id, it follows that the differential 
(dz/|sxH)(e,e) : Te{Si, OsJ © Te{H, Oh) = Te{G, Og) Te{G, Og) is precisely the mapping 

{Vs,Vh) ^ Vs + Vh- (3) 

Now it is easy to see that {di'\sxH){e,e) is an isomorphism. From Theorem [H it follows that 
there are superdomains (S^Os) C {S',Os'), (H'^Oh) C (H^Oh) and {W,Og) C (G,Og), 
such that ulsxH' '■ {S, Os) x (if'. Oh) — > (W, Og) is an isomorphism. 

Fix a point h E H . By the associativity axiom for Lie supergroups we have the following 
commutative diagram: 

{S^Os) X {H\Oh) ^^^^ {S,Os) X {H%Oh) 



{g,Og) (G,a 



G 



In other words, the morphism u, restricted to {S, Os) x {H'h, Oh), is equal to rh o i^\sxH' ° 
{id X Thln)^^- We have 

{S,Os) X = \J{iS,Os) X (/i'/i,0^^)}. 

Therefore i^Isxh is a local isomorphism. By a well known argument from the geometric theory 
of homogeneous spaces we may assume that (z/|sxh)i : SxH G is a. homeomorphism. Using 
Lemma m we get that i'Isxh '■ {S, Os) x (H, Oh) {U, Ou) is an isomorphism. □ 

Now we will give the definition of a supermanifold with the underlying manifold G/H, 
corresponding to a Lie supergroup {G^Og) and a subsupergroup {H,Oh) C {G,Og)- Let 
Pi : G ^ G/H, g gH be the natural mapping. Fix a transversal subsupermanifold 
(5*, Os) C (G, Og) to {H, Oh) at the point e so that i'Isxh is an isomorphism (see Theorem 
|2]). The mapping maps 5* homeomorphically onto a domain V C G/H. Denote by Oy the 
sheaf (pi)*(05) and identify {S,Os) with (y, Ov-)- Recall that the open subsupermanifold 
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{U, Og) C (G, Og) is defined in Theorem [2l Let pu = (pi, {pu)2) be such a morphism that 
the following diagram is commutative: 

{S, Os) X {H, Oh) ^ {U, Og) 

iV,Ov) = iV,Ov) 

We can define {gV, Ogv) analogously. Namely, it is clear that I'lgSxH '■ (gS, Ogs) x (H, Oh) — ^ 
{gU, Ogu) is an isomorphism and pi : gS gV is a homeomorphism. Denote by Ogv the 
sheaf {pi)^{Ogs) on gV and identify the subsupermanifold {gS,Ogs) with {gV,Ogv)- Define 
a morphism Pgu : (gU, Og) (gV, Ogv) by 

Now we need the following lemma. 

1 Let {yV,O^J\/■) he a superdomain, {F,Of) a supermanifold, and {M,Om) = {W,Ow) x 
{F,Of)- Denote by (xj) all, i.e. even and odd, coordinates on (W,Ow)- Then any function 
f G Om{M) can be written in the form f = J^j^jdj^ where {hj) is a maximal independent 
system of polynomials in Xi and gj G Of{F). 

Proof. Fix a coordinate neighborhood {N,Of) of the supermanifold {F,Of)- The function 
flwxN has the form J2j ^j'^f ^ where t^ G Of{N). Let (iV, Of) be another coordinate neigh- 
borhood of (F, Of), such that N n N 0. Then the function /|^yx7v has the form 

j 

where tf G Of{N). It is obvious that tf = W in NnN. Now we choose an atlas {(A^, Of)} on 
the supermanifold {F, Of). The functions tj are holomorphic in all coordinate neighborhoods 
of the chosen atlas and coincide on their intersections. It follows that there are gj G H^{F, Of) 
such that gj\N = tj^, and so we can write / = J2j ^j9j-^ 

Let W C G/H be an open set. A function / G Og{Pi^{W)) is called {H,OH)-rtght 
invariant li (z/|gxh)2(/) = {w^l,^^^^")2{f) (see [1]). 

1 Let W be an open set in gV , f G Og{j)^ij{W)) . Then f G lr[i{pgu)2 if and only if f is a 
{H, Oh) -right invariant function. 

Proof. By construction, we have lm{pgu)2 = {i^\gSxH)~^)2{ipT^ls^^)2{Ogs)). By associativity 
of the multiplication in {G, Og), the following diagram is commutative: 



{gU, Og) X {H, Oh) {gU, Og) 



(4) 



{gS, Ogs) X {H, Oh) x {H, Oh) {gS, Ogs) x {H, Oh) 
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Now we can see that if / G lm{pgu)2 then / is a {H, (9//)-right invariant function. Indeed, in 
this case {i^\gSxH)2{f) G (s>rfg''^)2{Ogs) and 

iid2X{iy\HxH)2){{j^\gSxH)2{f)) = {prf/"''")2{{iy\gSxH)2{f))- 

Applying the isomorphism {I'lgSxH x id)~^ to the right hand side, we get: 

(ulgSxH X id)^^ o iprlT"''")2i{^\gSxH)2if)) = iP^lu''")2if)- 
By the commutativity of (jlj), we obtain: 

{^\axH)2{f) = (prj:j;;p)2(/). 

Conversely, let / G OciPguiW)) be a (if, Oi^) -right invariant function. Without loss of 
generality assume that {gS, Ogs) is a coordinate neighborhood. In the present setting, there 
will be no confusion to denote the even and odd coordinates by the same letters {xi). By 
Lemma m we have 

{.T^\gSxH)2U) = ^hiQi, 

where {hi) is a maximal independent system of monomials in Xj, Qi G Oh{H). By the definition 
of a (if, (9i^)-right invariant function and the commutativity of (jlj), we get 

{idxp\HxH)2C^higi) = {pTfg^H''")2C^higi) = ^(prg''^''^)2(/ii)(prg''^''^)2(^i), 
where prf^^'^^'^ is the projection onto the second factor. On the other hand, 

{id Xu\HxH)2C^higi) = ^{pTfs''"''")2{h,){pT'^J^^H''"h{{^\HxH)2{g^))■ 

The independence of {hi) implies that {pT^^^)2{gi) = {i^\HxH)2{gi), where pr^^^^ is the 
projection onto the first factor. Equivalently, the functions gi are {H, (9//)-right invariant. We 
have reduced our assertion to the following one. 

(*) // a function g G Oh{H) is {H, OH)-right invariant, then g = const. 
Proof of {*). As above, let pr^^^^ : {H, Oh) x {H, Oh) {H, Oh) denote the projection onto 
the first factor. By the definition of a {H, (9j:/)-right invariant function, we have (pr^^^'^)2(5') = 
{i^\HxH)2{g)- Now we get 

g{e) = {ex id)2((prf ^><^)2((7)) = {e x id)2{{iy\HxH)2{g)) = g, 

where the last equality follows from the identity axiom u o {e x id) = id. Therefore g = g{e) 
showing (*). This completes the proof of Lemma [2l □ 

Theorem 3. The charts {gV, Ogv) constitute a holoniorphic atlas on G/H. 

Proof. Suppose that giV fl g2V ^ 0. Let us prove that there is a morphism '^gj^v,g2V '■ {OiV H 
92V, Og^v) {91V n g2V, Og^v) such that Pg^u = '^9iV,g2V ° PgiU- Obviously, (^gii/,s2v)i = id- 
Let us define the second component (^'31^,92^)2- 

If / G Og^v\giVng2V then {pg^u)2{f) G CcUc/nsaC/- By Lemma El the function {pg^u)2{f) 
is (if, O//) -right invariant. Therefore {pg,2u)2{f) G Im((pg^[/)2). By construction, the map 
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{Pgiu)2 is injective, and so there is a unique function g e Ogj^v\giVng2V, such that {pg^u)2{.g) = 
iPg2u)2{f)- We put (^giV',32v)2(/) •= 9- The cocycle condition is obviously fulfilled. □ 

We denote by [G/ H, Oq/h) the supermanifold defined by the holomorphic atlas con- 
structed above. From the definition of transition functions between the charts {gV,Ogv), 
we get a morphism p : (G, Oq) — > {G/H, Og/h) with p\gu = Pgu for all g & G. Now we can 
generalize Lemma [2l 

1 Let W C G/H be an open set and f E Og{Pi^{W)). Then f G Im(p2) if and only if f is 
(H, Oh) -right invariant. □ 

We now define an action of the Lie supergroup (G, Oq) on the supermanifold {G/H, Og/h), 
which will be used in the proof of the main result of this section (Theorem H]). Denote by 
ig : {gVjOG/n) = {gS,Ogs) {gU,OG) the natural embedding. Let agv be the following 
composition: 

{G,Og) X {gV,OG/H) ^ {G,Og) x {gU,OG) {G,Og) {G/H, Og/h)- (5) 

Suppose giV n g2V ^ 0. We claim that OgiV IcxgiVngaV = Oig2v\GxgiVng2V- Obviously, 
{agiv)i\Gx{giVng2V) = {(^g2v)i\Gx(giVng2V}, and so we only have to prove our equality for the 
second components of the morphisms ag-^v and ag^v- Let W C G/H be an open set and 
/ e Og/h{W). It suffices to check that 

(id2 x(igj2)(z^2 op2(/)) = {id2x{ig^)2){iy2op2{f)). (6) 

From the associativity of the multiplication in {G, Og) and from Lemma [3l it follows that 

(id2 x(z/|gx//)2)(i^2 op2(/)) = (id2 x(prg''^)2)(z/2 op2(/)). 

Let {0,Og) and {K,Og) be such open sets in {G,Og) that O x K C u^\p^\W)). We 
assume that {O, Og) is a coordinate neighborhood with even and odd coordinates {yj) and 
K = p^^{N), where is an open set in G/H. Denote by {ti) a maximal independent system 
of monomials in yj. By Lemma[2]we can write the function z/2 o P2{f)\oxK in the form Y^tiSi, 
where G Og{K). We have m O x K x H 

Et.(prg^^)2(s.) = (id2 x(prgx^)2)(EM.) = (id2 x(prgx^)2)(z/2 op2(/)) = 

= (id2 x(z/|gxh)2)('^2 0P2(/)) = (id2 ^{v\GxH)2){Y.^iSi) = ^i{'^\GxH)2{Si) ■ 

Now the equality {prQ^^)2{si) = {i^\GxH)2{si) follows from the independence of the system 
{ti). In other words, we get that the functions Sj are (if, (9i^)-right invariant. By Lemma [3] 
there are functions hi G Og/h{N), such that P2{hi) = Si. Moreover, 

{id2X{igj2){j^2°P2{f)\oxK) = {id2 X {i g J 2) {^tiSi) =^ti{igj2{Si) =^ti{igj2{P2{hi)). 

Now we use the trivial equality p o ig = id for all g E G. 

'^'ti{igi)2{P2{hi)) = ^tihi. 
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Similarly, we obtain 

(ids >^iig2)2)il^2 <=> P2if)\oxK) = ^Uhi- 

So we have shown that 

(id2 y<iigj2)il^2 0P2if))\0xN = (id2 y<iig2)2)il^2 O P2if))\oxN- 

This implies (Q, and so we get a morphism a, such that alcxgv = CigV- Clearly, a is an action 
on the supermanifold G/H. We have proved the following theorem. 

Theorem 4. There exists a supermanifold {G/H,Og/h), such that the natural action of 
G on G/H induces a transitive action of {G,Og) on {G / H,Og/h)- The action of the Lie 
supergroup {G, Oq) on {G/H, Og/h) is given by (f^.D 



3. Stationary Lie subsupergroup 

Let fj, : {G,Og) X (M,Om) {M,Om) be an action of a Lie supergroup {G,Og) on 
a supermanifold {M,Om) and let q be the Lie superalgebra of the Lie supergroup {G,Og)- 
Denote by fi^ : (G, Og) {M, Om), x G M, the composition of morphisms 

(G, Og) X (pt, C) ^ (G, Og) x (M, Om) ^ (M, Om), 

where x = {xi,X2) ■ (pt,C) {M,Om), ^i(pt) = x, X2{f) = fix), f E Om- Also, let 
Ig : (M, Om) {M, Om), g E G, he the composition of morphisms 

(M, Om) ^ (pt, C) X (M, Om) ^ (G, Og) x (M, Om) ^ (M, Om), 

where ^ was defined in Section 1. 

1 We have ev^; Oyu(X) = {dfix)e{Q^e{X)) , X E Q. The action fi is transitive if and only if 
fix is a submersion at e E G for all x G M. 

Proof. The second assertion follows from the first one. Let us prove the first assertion. By 
definition we get 

eYx{Jl{X)){f) = {Jl{X){f)){x), (d/i.)e(ev,(X))(/) = (X((^.)2(/)))(e) 
for all / G {Om)x- Therefore, 

eV,(/I(X))(/) = (ids XX2)((£2 X id2)((X © 0) O /X2(/))) = 
{82 X id2)((id2 XX2)((X © 0) O f,^{f))) = 

e2(X((id2 XX2) O ^2(/))) = e2{X{{fix)2{f))) = (d/i Je(X,) (/) .□ 

The following lemma is a consequence of the axioms of action. 

1 We have flx^Tg = figx, fix ° Ig = ~lg ° l^x- □ 

Consider a superdomain (V, Cm) C {M,Om), such that x is contained in V, with even 
coordinates {yi) and odd coordinates {rjj). Suppose that x has the coordinates yi = 0, rjj = 0. 
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Denote by {U,Og) a superdomain in ^(V^), Cg) with even coordinates (xg) and odd 

coordinates (^t). Let the morphism fix\{U, Oq) be given by the equations: 

Denote by Xu the sheaf of ideals in the structure sheaf of U defined as follows: if U (1 
{f^x)i^iV) 7^ then Xu is generated by the functions tpij{xs,$,t), otherwise Xu : = 

Og\u- The sheafs Xu^ and Xu2 coincide on the intersection Ui fl U2. Therefore there is a sheaf 
of ideals T, such that X\u =Xu. As usual, denote by the stationary subgroup of the action 
Hi at X and consider the ringed space (G^,., Oq^), where = {.^g/'I)\gx- 

If 11 is transitive then {Gx, Og^) is a subsupermanifold of (G, Oq)- Indeed, by LemmalHthe 
morphism fix is a submersion at e. From Lemma [Hit follows that iix is a submersion at every 
point g & G. By the definition of a submersion, there is a coordinate neighborhood {W, Og) 
of (7 G with coordinates (xj; ^j), i = 1, . . . ,p, j = 1, . . . , g and a coordinate neighborhood 
of X with coordinates 77;,), a = 1, . . . , /c, 6 = 1, . . . , /, such that Og) is given by the 

following formulas: 

{lJ'x)2{.ya) = Xa, a = 1, . . . , fc, ifix)2{Vb) = ^b, b=l,...,l. (7) 

Without loss of generality assume that the point x is given by the system of equations i/a = 0, 
a = 1, . . . , k, rjb = 0, b = 1, . . . ,1. Then {Gx H W, Og^) is isomorphic to a superdomain with 
coordinates Xj, z = /c + 1, . . . , p, ^j, j = / + 1, . . . , g. 
It is not hard to prove that = id. Indeed, 

z/ o (id xz/) o (t^, t, id) = z/ o (i^, z/ o (t, id)) = z/ o (i^, e) = 

and 

z/ o (id xz/) o (i^, 6, id) = z/ o (z/ X id) o ((i, id) x id) o (i, id) = z/ o (5 x id) o (i, id) = id . 
We will use this conclusion in the proof of the following theorem. 

Theorem 5. Suppose {Gx,Og^) C {G,Og) is a subsupermanifold. Then {Gx,Og^) is a Lie 
subsupergroup of (G, Og) ■ 

Proof. We must show that (G^;, Og^) is z/-invariant and t-invariant. We check first that 

{Gx,Og^) is V -invariant (8) 

Obviously, vi{Gx,Gx) = Gx- Denote by J the sheaf of ideals corresponding to the sub- 
supermanifold {Gx.Og^) X {Gx.Og^) of the supermanifold (G, Cg) x {G,Og)- We have to 
prove that z/2(X) C J. The functions 0^(xs,^f), ^■lj{xs,$,t} generate the ideal sheaf X\u and 
Xy 7^ (C'g)j/ only ioi y E Gx C W := {jj,x)i^(y). Therefore it is sufficient to prove that 
M'Pui^^y^t))\wxw C J\wxw and i^2ii^ui^s,^t))\wxw C J\wxw- By the definition of the 
functions (plj{xs,^t) and ipfjixs^^t), we get 1^2 (^[/(a;^, 6)) = '^2((/ix)2(l/i)), '^2(^M^^'6)) = 
i^2{{lJ'x)2{Vj))- From the axioms of action it follows that yU^; o z/ = /i o (id x/i^,). Thus it suffices 
to prove that (id2 y<{fix)2) o fJ'2{yi)\wxw C J\wxw and (id2 x(/ia.)2) o fi2{r]j)\wxw C JTIvkxh/- 
Denote by pr^ : (G, Og) x {G, Og) (G, Og) the projection on the i-th factor and by 

(prj)2(X) the sheaf of ideals generated by (prj)2(X), i = 1,2. We have J' = (pr^)2(X) + 
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(pr2)2(X). Further, [(id2 x(/i^)2) o /i2(l/i)]|iyxiy = (id2 y<{fJ'x)2)[fJ'2{yi)\wxv]- Using the defini- 
tion of X, we get: 

(id2 x(/i^)2)[/i2(yj)kxy] + (pr2)2(X)kx»' = (pri)2((Aix)2(yi))kxi^ + (pr2)2(X) kxH/- 
Now, from (pri)2((/ix02(2/i))Uxiy e (pri)2(2r)|iyxw/ it follows that 

(id2 x(/i^.)2) 0/i2(?/i)|i4/xl4^ e {Wl)2i1)\wxW + {P^2)2i'I)\wxW = J\wxW 

and, by the same argument, (id2 x(/i^)2) o ^2{Vj)\wxw C J'\wxw- This completes the proof 
of®. 

It remains to check that 

{Gx,Og^) is L-invariant. 

Since the inclusion Li{Gx) C is obvious, we must prove that L2(I) C X or, in terms of 
generators, ^2(0^(2:^, 6)) ^ X and ^2(^^(2:5, 6)) ^ X. 

By definition of the supermanifold {G^, Oq^), the following diagram is commutative: 



{G,,0, 



Gx 



Gx 



fix 



(M, O 



M) 



We will rather use the commutativity of the next diagram: 



(^i(G.),a.(G.)) 



{tiiGx),0,, 



^ (x,C) 

X 



(9) 



To show that (Q is commutative, note that, by the inverse element axiom of a Lie supergroup 
and by the axioms of an action, /i o {l, n^) = x o pr^ and, in particular, /i o {l, fj,x)\Gx = 
{x o pr^.)!^^. Using the equality fixlc^: =x and the definition of the morphism /i^;, we obtain 
the commutative diagram: 



{Gx.og:) 

{i,x) 

[^i(G.),a,(G.))x(x,C) 



{xX) 



fix 



(M, O 



M 



Since {l,x) is an isomorphism, we get the commutativity of Q- 

Denote by T^(Gx) the sheaf of ideals in Og corresponding to the subsupermanifold 
(61(6-,), a,(G,)) C {G,Og). Using ©, we have: 



+ X, 



Therefore (j)lj{xs,^t) e X,(g,). Similarly, ^ X,(g,). It follows that X C X,(g,) = 62(2^), 

and the equality = id implies that X = Xt(G^).n 
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We have seen that for a transitive action of {G, Oq) on (M, Om) the ringed space (G^;, Oq^) 
is a supermanifold, which is in fact a Lie subsupergroup of (G, Oq) ■ This Lie subsupergroup 
will be called the stationary Lie subsupergroup of x. In the last section we will prove that 
any homogeneous supermanifold is isomorphic to a coset space of a Lie supergroup with the 
structure of a supermanifold introduced above. 



4. The structure of a homogeneous space 



Our goal here is the following theorem. 

Theorem 6. Let (M, Ojv/) be a {G,0 a) -homogeneous supermanifold and let {H,Oh) be a 
stationary Lie subsupergroup of a point x G M. Then there is an isomorphism 

which is {G, OG)-equivariant in the sense that the following diagram is commutative: 
{G,Og) X iG/H,OG/H) ^ iG,OG) X (M,Om) 

. (10) 

{G/H,Og/h) {M,Om) 



Proof. Let f3i : G/H ^ M, gH \—>- gx, be the natural homeomorphism. Then the diagram 



P=(P1,P2) 



fJ.x = iiM^)lXf^=o)2), (11) 



{G/H,Og/h) {M,Om) 

is commutative. We will now construct an isomorphism of sheaves P2 '■ Om {i3i)*Og/h, 
such that P = {Pi, P2) is the required isomorphism. 

As in Theorem El consider the product {S,Os) x (H,Oh)- By the axioms of action, the 
composition of morphisms 

{S,Os) X {H,Oh) {U,Og) {M,Om). 

can be written as fix ° i^\sxh = ° {^d x^^Ih) = fJ^ o (id xx). The last equality follows from 
the fact that fixln = x. As a result, we get 

A^x o i^lsxH = /ix opr^'"'^. (12) 

The differential {dfix)e is surjective, because the action fi is transitive. The differential 
(dz/|5x//)(e,e) IS nondegcuerate, see Theorem[2l It is easy to see that dim(S', Os) = dim(M, Om), 
and so we get that {c'(fix)\s){e) is nondegenerate. By Theorem [H we can assume that fi\s 
is an isomorphism of {S,Os) onto some superdomain {V,Om) C {M,Om)- By ( fT2l) we 
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get iHx)2iOM\v 
P2{Og/h\ Pi{SxH) 
Let I 



{{^\sxh) ^)2iOs)- On the other hand, by the definition of p we have 
{it^\sxHy^)2iOs) and therefore P2{Og/h\pi(SxH)) = {iJ'x)2{Om\v)- 



g — a o (jj X id). The following diagram is commutative by Lemma HI 
ip^iS X H), Og/h) (piigS X H),Og/h) 



G) 



igU,0, 



G) 



(13) 



fix 



{9V,Om) 



{V, Om) 

By the commutativity of ffT^ . we get 

{.IJ'x)2{.OM\gv) = P2(Cg/hIpi(sC/)), for all g eG. 
Therefore, the sheaves {iix)2{Om) andp2(C'G///) coincide locally, and it follows that P2{Og/h) = 
(/^x)2(CAf)- Define a morphism P2 ■ Om ^ (Pi)* (Og/h) by 

P2{f)=P2'oM2{f)- 

Obviously, the morphism (3 = (32) is an isomorphism and the diagram ( fTTj) is commutative. 

It remains to prove that diagram ( ITOl) is also commutative. By the definition of f3, we get 
locally P = {Pi, P2) = fJ'x ° ig, where ig is defined after Lemma [3l Hence fJ^x ° ig ° P = fJ'x and 
the axioms of action yield /i o (id x fi^) = fi^ o u. Thus we get locally: 

/i o (id x/?) = fi o {id X fix o ig) = /i o (id x/i^) o (id xig) = /i^ o i/ o (id xig). 

/3 o a = /ia; o o p o zy o (id xig) = /ij, o z/ o (id xig). 

This implies the commutativity of the diagram ( ITOil .D 

The author would like to thank her supervisor Prof. Arkady Onishchik for many helpful 
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